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Abstract
We present a Monte Carlo study on a trilayered ferrimagnetic Ising system on triangular lattice, with s = 1/2
and three coupling constants. Three layers, making up the bulk, is formed completely by either A or B type
of atoms. The interactions between like atoms (A-A; B-B) are ferromagnetic and between unlike ones (A-B)
are anti-ferromagnetic. Two distinct trilayer compositions: AAB and ABA, are studied via Metropolis single
spin flip algorithm and the location of the critical points (sublattice magnetisations vanish, leading to zero bulk
magnetisation) and the compensation points (bulk magnetisation vanishes but nonzero sublattice magnetisations
exist) are estimated and conditions for the existence of compensation points are determined. Close range simulations
with variable lattice sizes for compensation point and Binder’s cumulant crossing technique for critical points are
employed for analysis. Comprehensive phase diagrams are obtained in the Hamiltonian parameter space and
morphological studies at critical and compensation temperatures for both the configurations are also reported.
Keywords: Trilayered Ising ferrimagnet, Triangular lattice, Monte Carlo simulation, Compensation
temperature, Critical temperature, Cumulant crossing
1
I. Introduction
Magnetic refrigeration is a topic of research interest in recent decades for they may offer greater efficiency than
conventional cooling processes. In this field, Magnetocaloric effect (MCE) is one such unconventional process which
is defined by heating or cooling of a magnetic material, with the variation of applied magnetic field, making it a good
candidate for cryogenics and construction of energy efficient devices [1, 2]. MCE in iron was discovered by Warburg
in 1881 [3], and Debye in 1926 [4] and Giauque in 1927 [5] provided the theoretical framework. Analytical approaches
to MCE e.g. developing scaling-based equations of state for the thermodynamics of Magnetocaloric materials (MCM)
using mean field approximation [6, 7] and use of exactly solvable spin-models like Jordan-Wigner transformation [8]
and Bethe ansatz-based quantum transfer matrix and nonlinear integral equations method [9] are quite successful in
dealing with various magneto-caloric quantities. In numerical studies, Monte Carlo (MC) simulations are widely used
to predict the magneto-caloric properties of interesting materials [10, 11] for MCE.
Ferrimagnetism was discovered in 1948 [12] and studies on ferrimagnets has revealed unique properties and phase
diagrams [13, 14]. Each of the substructures of a ferrimagnet, may have different thermal dependencies for magnetiza-
tion and such different behaviors, combined, leads to interesting phenomena such as compensation, i.e., temperature(s)
below the critical point for which total magnetization of the bulk becomes zero while substructures retain their mag-
netic order [12]. Compensation is not related to criticalilty but some physical properties like the magnetic coercivity
exhibits singularity at the compensation point [13, 15]. Some ferrimagnets even have their compensation points near
room temperature [15], making them ideal for magneto-optical drives. MCE is characterized by magnetic entropy
change, ∆S and/or adiabatic temperature change, ∆T and we have Maxwell’s relation:
(
∂S
∂H
)
T
=
(
∂M
∂T
)
H
in
between them, with H and T being applied magnetic field and temperature of the system. It shows, for an abrupt
change of magnetization around the compensation point, for most of the ferrimagnets with compensation, we may
expect large MCE. For the first-order phase transitions, large changes in entropy happen in the neighbourhood of
transition due to sharp change in magnetization [16, 17]. But such materials suffer from hysteretic behavior and a
narrow range of working temperature, as a magnetic refrigerant [18]. But, second-order transition materials are free
from magnetic and thermal hysteresis and has a wide interval of transition temperatures across different samples. That
is why they are extensively studied [19] and at present most of them are operated near their transition temperatures
for magnetic refrigeration. In layered ferrimagnets, especially with odd number of layers, we witness a sharp change
in magnetization across compensation point. Thus such materials have an advantage over conventional second order
magnetic transition materials in the context of being sed as MCM, in having a lower temperature than critical point
with vanishing total magnetization and high value of ∆M around it. Layered ferrimagnetic materials, among them,
present characteristics, quite different from the bulk owing to their enhanced surface-to-volume ratio. Now-a-days,
with atomic layer deposition (ALD) [20], pulsed laser deposition (PLD) [21], metalorganic chemical vapor deposition
(MOCVD) [22] and molecular-beam epitaxy (MBE) [23], experimental growth of bilayered [24], trilayered [25], and
multilayered [26] systems with desired characteristics has been achieved.
We are, in this article, interested in behaviours of some magnetocaloric quantities of a trilayered, spin 1/2, Ising
ferrimagnet on triangular lattice. Using Ising interactions, thin films have been studied in literature by computatinal
and analytical techniques e.g. by equilibrium Monte Carlo (MC) simulations in [27, 28], by mean-field theory (MFT)
in [29], by effective- field theory (EFT) in [30, 31], by series-expansion method in [32], by renormalization-group (RG)
method in [33], by spin-fluctuation theory in [34], by exact recursion equation on the Bethe lattice in [35] and by
cluster variation method in pair approximation in [36]. Change in the underlying lattice structure may be significant
since characterictics of any crystalline material depend on its lattice symmetry. From mean field analysis, we know
critical temperature of a magnetic system changes with change in coordination number. But, for the pure trilayered
ferrimagnetic system, the extent of change in the Compensation temperature is still not investigated. Hence, it is
interesting to study how a change in lattice structure affects the critical (Tcrit) and compensation temperature (Tcomp)
and the resulting phase diagram.
Methods for exact solutions are very few. That is why numerical and approximate studies are significant. Recent
studies on layered magnetism on different lattice structures in literature include: In [40], by MFA and EFA and in [41],
by MC simulations with Wolff single cluster Algorithm, a spin-1/2 pure Ising trilayer on square lattice was investigated
and the authors have shown that under certain range of different types of interaction strengths, different temperature
dependencies of sublattice magnetisations cause the compensation point to appear. Through MC simulation it is shown
in [37], with reduction in dilution probability, compensation temperature, increases in an ABA system and decreases
in BAB systems, in nanotrilayer graphene structure. In [38], by the MC simulational approach, existence of two
compensation temperatures in a mixed spin (7/2, 1) antiferromagnetic ovalene nanostructures is reported. In Blume
Capel model (S = 1) of a bilayer graphene structure with Ruderman-Kittel-Kasuya-Yosida (RKKY) interactions, it was
observed by MC simulation, in [39], the transition temperature increases with decrease in the number of nonmagnetic
layers.
The rest of the article is arranged as follows. In Sec. II, the model of this study is described. In Sec. III, we
provide the details of the MC simulation scheme. In Sec. IV, we discuss the results for AAB and ABA configurations.
Finally, in Sec. V, we provide a summary of our study.
II. Model
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The Ising superlattice of our study, contains three magnetic layers, on triangular lattice structure. Each layer is
composed of either, A or B, one of the two types of theoretical atoms. The coordination number of each site being 8
or 7 depending on it being on the mid-layer or on the surface layers. The interactions are Ising-like and their nature
are:
(a) A-A → Ferromagnetic
(b) B-B → Ferromagnetic
(c) A-B → Anti-ferromagnetic,
which results in Two different configurations: (i) AAB [Figure 1(a)] and (ii) ABA [Figure 1(b)].
(a)
(b)
Figure 1: Two distinct trilayer configurations: (a) AAB (with J11 = J22 = J12 = JAA, J33 = JBB and J23 = JAB)(b)
ABA (with J11 = J33 = JAA, J22 = JBB and J12 = J23 = JAB).
The Hamiltonian for such a trilayered ferrimagnetic system is:
H = −J11
∑
<t,t′>
StSt′ − J22
∑
<m,m′>
SmSm′ − J33
∑
<b,b′>
SbSb′ − J12
∑
<t,m>
StSm − J23
∑
<m,b>
SmSb (1)
where summation indices (t, t′); (m,m′) and (b, b′) are respectively for the lattice sites on the top-layer, l1; mid layer,
l2 and bottom-layer, l3 and 〈t, t
′〉, 〈m,m′〉, 〈b, b′〉 denote summations over all nearest-neighbor pairs in the same
3
layer and 〈t,m〉, 〈m, b〉 are summations over nearest-neighbor pairs in vertically adjacent layers. In Equation (1), the
first, second and third terms respectively are for the intra-planar ferromagnetic contributions from the top, mid and
bottom layers. The fourth and the fifth terms originate due to the nearest neighbour inter-planar antiferromagnetic
interactions, between top & mid and mid & bottom layers.
For the AAB type system, we have in Equation (1): J11 > 0 , J22 > 0, J33 > 0 and J12 > 0, J23 < 0 and in
terms of unique interactions: J11 = J22 = J12 = JAA, J33 = JBB and J23 = JAB. And for the ABA type trilayer
system, the nature of the coupling strengths in Equation (1) are: J11 > 0 , J22 > 0, J33 > 0 and J12 < 0, J23 < 0 and
J11 = J33 = JAA, J22 = JBB and J12 = J23 = JAB. We’ve considered periodic boundary conditions in-plane and open
boundary conditions along the vertical, so that there is no out-of-plane interaction term between the top and bottom
layers in the Hamiltonian.
III. Simulation scheme
We simulated the model, described in Section II, using the Monte Carlo simulations with Metropolis single spin-
flip algorithm [42, 43], with each plane having L2 sites where L = 100. For L > 70 [Refer to Figure 11], we found
the compensation point being confined within a narrow band, around a stable value, thus the lattice size in our
study is quite standard. We started from high temperature paramagnetic phase, having randomly selected 50% spin
projections, Si = +1 and the rest with Si = −1 (Using 1 instead of 1/2 rescales the coupling constants). At a fixed
temperature T , the Metropolis rate [44, 45] , of Equation [2], governs the spin flipping from Si to −Si:
P (Si → −Si) = min{1, exp(−∆E/kBT )} (2)
where ∆E is the associated change in internal energy in flipping the i-th spin projection from Si to −Si with Boltzmann
constant, kB set to 1. One Monte Carlo sweep (MCS) of the entire system consists similar 3L
2 random spin updates.
This one MCS is unit of time in our study. At each temperature step, the equilibrium configuration of the system
at previous temperature acts as the starting configuration. At every temperature step, the system goes through 105
MCS. First 5×104 MCS (that is equivalent to allowance of a long enough time) were discarded for thermalization and
from next 5 × 104 MCS, we considered data every 25 MCS to account for integrated autocorrelation time [45]. So at
every temperature step we had N = 2 × 103 statistically independent states for thermal averages. The temperatures
of the systems are measured in units of JBB/kB.
We observed both ABA and AAB configurations for ten values of JAA/JBB, starting from 0.1 to 1.0 with an
interval of 0.1 and for each fixed value of JAA/JBB , we varied JAB/JBB from −0.1 to −1.0 with an interval of −0.1.
For each combination of JAA/JBB and JAB/JBB , we’ve calculated the time (or, ensemble) averages of the following
quantities at each of the temperature points, in the following manner:
(1) Sublattice magnetisations for top, mid and bottom layers calculated, identically, at say, i-th MCS after
equilibration, denoted by Mqi, by:
Mqi =
1
L2
L∑
x,y=1
(Sqi)xy (3)
and the sum extends over all sites in each of the planes as x and y denote the co-ordinates of a spin on a plane and
runs from 1 to L (which is 100, in our study). Then we get the time (or, ensemble) average, from the N uncorrelated
configurations, as follows:
〈Mq〉 =
1
N
N∑
i=1
Mqi (4)
where q is to be replaced by t,m or b for top, mid and bottom layers and 〈· · · 〉 denotes a time average (equivalently
ensemble average) after attaining equilibrium.
(2) Time average value of Average magnetisation of the trilayer by 〈M〉 =
1
3
(〈Mt〉+ 〈Mm〉+ 〈Mb〉)
(3) After attaining equilibrium, we calculate fluctuation in magnetisation, ∆M from the uncorelated N MCS as
follows:
∆M =
√√√√ 1
N
N∑
i=1
(Mi −M)2 (5)
where Mi is the value of magnetisation of the whole system, calculated after the completion of i-th uncorrelated MCS
and M is the average value of total magnetisation calculated over the total N uncorrelated MCS after equilibration.
The errors associated with the magnetizations and fluctuation in magnetization are estimated by Jackknife method
[45]. Other techniques for analysis of obtained data are discussed in designated sections, as we go along.
IV. Results
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We have investigated the thermodynamic and magnetic response of a trilayered triangular Ising ferrimagnet along
with its morphology with MC single spin flip algorithm for both the distinct stackings. We observed the effects of
Hamiltonian parameters on the location and existence of compensation and critical temperatures and finally obtained
a phase diagram for both of them in the parameter space.
A. Magnetic response :
In Figure 2, we show the general trend of the behaviour of sublattice and average magnetizations of the system
as a function of temperature for both type of configurations, AAB and ABA. We have chosen JAA/JBB = 0.6 and
JAA/JBB = −0.1 for showing how they behave when compensation is present and JAA/JBB = 0.6 and JAA/JBB =
−1.0 for their behaviours in absense of compensation. All the figures are drawn for L = 100.
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Figure 2: Magnetisations as a function of dimensionless temperature of: (a) AAB configuration, with compensation;
(b) AAB configuration, without compensation; (c) ABA configuration, with compensation; (d) ABA configuration,
without compensation; with JAA/JBB = 0.6 and JAA/JBB = −0.1 for those with compensation and JAA/JBB = 0.6
and JAA/JBB = −1.0 for those without compensation. Where, the errorbars are not visible, they are smaller than
the area of the point-markers. All these plots are obtained for a system of 3× 100× 100 sites i.e. for L = 100.
Now we have chosen to fix JAA/JBB to 0.6 and see how compensation phenomenon changes under the variation of
JAB/JBB (varied from −0.1 to −1.0, decreased in steps of −0.1). On the same lines, we next fixed JAB/JBB to −0.3
and varied JAA/JBB (varied from 0.1 to 1.0, increased in steps of 0.1), for both type of configurations. The results
are shown in Figure 3.
Now to see if the magnetic responses has any dependence on the system size, we ran simulations for different system
sizes. The results, for both the ABA and AAB configurations, are shown in Figure 4. Here, for both configurations,
we have chosen two sets: JAA/JBB = 0.1 and JAB/JBB = −0.3 where compensation is present and JAA/JBB = 0.9
and JAB/JBB = −0.3 where compensation is absent. We observe, the region where the compensation point lies, has
no detectable size dependence in this resolution. But the critical points shift with changes in lattice size, indicating a
possible scaling behaviour.
To find out precise estimates for Tcomp and Tcrit as functions of the Hamiltonian parameters, the methods employed
are discussed in detail, in Sections C and D, respectively.
B. Morphological studies :
5
(a)
-0.35
-0.25
-0.15
-0.05
 0.05
 0.15
 0  1  2  3  4  5
M
ag
ne
tis
at
io
n,
 <
M
>
Temperature, T
JAB/JBB=-0.1JAB/JBB=-0.2JAB/JBB=-0.3JAB/JBB=-0.4JAB/JBB=-0.5JAB/JBB=-0.6JAB/JBB=-0.7JAB/JBB=-0.8JAB/JBB=-0.9JAB/JBB=-1.0
M
ag
ne
tis
at
io
n,
 <
M
>
JAA/JBB=0.60 AAB
(b)
-0.35
-0.25
-0.15
-0.05
 0.05
 0.15
 0.25
 0.35
 0  1  2  3  4  5
M
ag
ne
tis
at
io
n,
 <
M
>
Temperature, T
JAA/JBB=0.1JAA/JBB=0.2JAA/JBB=0.3JAA/JBB=0.4JAA/JBB=0.5JAA/JBB=0.6JAA/JBB=0.7JAA/JBB=0.8JAA/JBB=0.9JAA/JBB=1.0
M
ag
ne
tis
at
io
n,
 <
M
>
JAB/JBB=-0.30
AAB
(c)
-0.35
-0.25
-0.15
-0.05
 0.05
 0.15
 0.25
 0  1  2  3  4  5
M
ag
ne
tis
at
io
n,
 <
M
>
Temperature, T
JAB/JBB=-0.1JAB/JBB=-0.2JAB/JBB=-0.3JAB/JBB=-0.4JAB/JBB=-0.5JAB/JBB=-0.6JAB/JBB=-0.7JAB/JBB=-0.8JAB/JBB=-0.9JAB/JBB=-1.0
M
ag
ne
tis
at
io
n,
 <
M
>
JAA/JBB=0.60 ABA
(d)
-0.35
-0.25
-0.15
-0.05
 0.05
 0.15
 0.25
 0  1  2  3  4  5
M
ag
ne
tis
at
io
n,
 <
M
>
Temperature, T
JAA/JBB=0.1JAA/JBB=0.2JAA/JBB=0.3JAA/JBB=0.4JAA/JBB=0.5JAA/JBB=0.6JAA/JBB=0.7JAA/JBB=0.8JAA/JBB=0.9JAA/JBB=1.0
M
ag
ne
tis
at
io
n,
 <
M
>
JAB/JBB=-0.30
ABA
Figure 3: Average magnetisation of the bulk as a function of dimensionless temperature of: (a) AAB configura-
tion, with JAA/JBB fixed at 0.6 and variable JAB/JBB; (b) AAB configuration, with JAB/JBB fixed at −0.3 and
variable JAA/JBB;; (c) ABA configuration, with compensation; (d) ABA configuration, without compensation; with
JAA/JBB = 0.6 and JAA/JBB = −0.1 for those with compensation and JAA/JBB = 0.6 and JAA/JBB = −1.0 for
those without compensation. Where, the errorbars are not visible, they are smaller than the area of the point-markers.
All these plots are obtained for a system of 3× 100× 100 sites i.e. for L = 100.
We have chosen same interaction strengths (JAA/JBB = 0.4; JAA/JBB = −0.3) for both the AAB and ABA
configurations such that the compensation effect is present in both of these. The white tiny squares denote spin
projections, S = +1 and the black tiny squares represent spin projections, S = −1. For AAB stacking, Figure 5 is
the density maps of the layers at critical temperature, Tcrit and Figures 6 and 7 are at immediate higher and lower
temperatures of compensation temperature, Tcomp, respectively. It is evident that at Tcrit, every layer is occupied by
almost an equal amount of up and down spins. Hence the sublattice magnetizations and the average magnetisation,
at Tcrit are practically vanishing. However, it is interesting to note the value of the magnetization of B-layer at this
critical temperature. We have magnetizations in the order of 10−3 in the top A layer and 10−2 in the mid A layer
while on the other hand the B layer has the magnetization in the order of 10−2 but 5 times of higher than that of the
mid layer. This can be understood from the larger clusters forming in the morphology of B-layer, at Tcrit as shown in
Figure 5(c), leading to higher value of magnetisation than the rest.
Now in the vicinity of Tcomp (Figures 6 and 7), clusters get larger and layers are going towards magnetic saturation (for
Tcomp < Tcrit). In our case, both the A layers are dominated by down spins whereas the B layer is nearly saturated by
up spins. So we see non-zero values of layered magnetizations at Tcomp. The difference in the size of the spin clusters
creates unequal values of layered magnetizations. But the total magnetization of the bulk becomes zero leading to the
phenomenon of compensation. From the configurational details, we can write the conditions of compensation for the
AAB type system as,
|Mb| = |Mt +Mm| (6)
sgn(Mt) = −sgn(Mb) ; sgn(Mm) = −sgn(Mb) (7)
For ABA stacking, Figure 8 contains the density maps of the layers at critical temperature, Tcrit and Figures 9
and 10 contain spin density maps at immediate higher and lower temperatures of compensation temperature, Tcomp,
respectively. Like AAB type, at Tcrit for ABA system, every layer is occupied by almost equal up and down spins
leading to vanishing sublattice and consequently vanishing average magnetisation. We have magnetizations in the
order of 10−3 in the top and bottom A layers and 10−2 in the mid, B layer. The larger clusters, in the morphology of
B-layer, at Tcrit as shown in Figure 8(b), leads to such higher value of magnetisation in the mid layer.
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Figure 4: Average magnetisation of the bulk as a function of dimensionless temperature with variable lattice sizes, for:
(a) AAB configuration with compensation, ; (b) AAB configuration, without compensation; (c) ABA configuration,
with compensation; (d) ABA configuration, without compensation; with JAA/JBB = 0.1 and JAA/JBB = −0.3 for
those with compensation and JAA/JBB = 0.9 and JAA/JBB = −0.3 for those without compensation. Where, the
errorbars are not visible, they are smaller than the area of the point-markers.
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Figure 5: Morphology of (a) Top layer, (b) Mid layer and (c) Bottom layer for the AAB stacking (JAA/JBB = 0.4
and JAB/JBB = −0.3) at Tcrit = 3.85 with Mt = −3.40 × 10
−3, Mm = −1.33 × 10
−2, Mb = 5.74 × 10
−2 and
M = −1.36× 10−2
Now in the vicinity of Tcomp (Figures 9 and 10), spin clusters get bigger in size and layers are going towards saturation
(for Tcomp < Tcrit). Again, both the A layers are dominated by down spins while the B layer is nearly saturated by up
spins, leading to non-zero values of layered magnetizations at Tcomp. The difference in the size of the spin clusters is
clearly visible in the figures. From the configurational details, we can write for the ABA type system, the conditions
of compensation as,
|Mm| = |Mt +Mb| (8)
sgn(Mt) = −sgn(Mm) ; sgn(Mb) = −sgn(Mm) (9)
C. Evaluation of Compensation temperatures :
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Figure 6: Morphology of (a) Top layer, (b) Mid layer and (c) Bottom layer for the AAB stacking (JAA/JBB = 0.4
and JAB/JBB = −0.3) at T = 2.40 with Mt = −0.368, Mm = −0.567, Mb = 0.984 and M = 1.66× 10
−2.
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Figure 7: Morphology of (a) Top layer, (b) Mid layer and (c) Bottom layer for the AAB stacking (JAA/JBB = 0.4
and JAB/JBB = −0.3) at T = 2.35 with Mt = −0.408, Mm = −0.603, Mb = 0.986 and M = −8.04× 10
−3.
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Figure 8: Morphology of (a) Top layer, (b) Mid layer and (c) Bottom layer for the ABA stacking (JAA/JBB = 0.4
and JAB/JBB = −0.3) at Tcrit = 3.90 with Mt = −7.75× 10
−3, Mm = 4.28× 10
−2, Mb = −5.42× 10
−3.
and M = 9.87× 10−3
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Figure 9: Morphology of (a) Top layer, (b) Mid layer and (c) Bottom layer for the ABA stacking (JAA/JBB = 0.4
and JAB/JBB = −0.3) at T = 2.40 with Mt = −0.478, Mm = 0.985, Mb = −0.479 and M = 9.65× 10
−3.
Compensation temperature is that temperature, where the system, as a whole, shows < M >= 0 while individual layers
still remain magnetized (i.e. Mq 6= 0), as seen in Figs. 6, 7, 9 and 10. For both, AAB and ABA configurations, to
find this temperature for all the different combinations of coupling strengths, we perform simulations for a few equally
spaced temperatures (interval of 0.004) around quasi Tcomp (obtained from the simulations of Figure 2) and plot
the average magnetization values against temperature, for different system sizes (ranging from L = 40 to L = 120).
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Figure 10: Morphology of (a) Top layer, (b) Mid layer and (c) Bottom layer for the ABA stacking (JAA/JBB = 0.4
and JAB/JBB = −0.3) at T = 2.35 with Mt = −0.504, Mm = 0.988, Mb = −0.505 and M = −6.99× 10
−3.
Then we, using linear interpolation, find the temperature coordinate of the point, where < M > crosses the zero
magnetization line, and plot them as functions of system size, L. We see that different Tcomp(L) are confined within a
narrow band. Figures 11(b) and 11(d) shows the size dependence of the compensation temperature estimates obtained
from the linear interpolations of plots in Figures 11(a) and 11(c). After a certain value of L, the compensation
temperature gets trapped within a narrow range. Next up, we fit the values of Tcomp [41], according to Equation (10):
Tcomp(L) = a (10)
where a is a constant.
For L ≥ 70, the values approximately converge to the fitted value. But the system sizes, which we should ignore
while finally fitting the data, is determined from the reduced chi-squared (χ2/nDOF ) values. We consider those sizes
where there is consistency in the order of χ2/nDOF . The sizes, L = 40, 50, 60 are thus excluded. The final error
associated with Tcomp comes from two sources: (a) from the linear interpolation and (b) from fitting the data by
Equation (10) (obtained by Jackknife method). So we combine both: the errors obtained in fitting process and the
largest error, in finding intersections for different L’s, for the final estimate. Equation (10) is consistent with the fact
that the compensation phenomenon is not related to criticality (e.g. no power law scaling is seen). For JAA/JBB = 0.4
and JAA/JBB = −0.3 , in Figures 11(a) and 11(c), for AAB and ABA systems respectively, we show how close range
simulations behave as functions of system size, while in Figures 11(b) and 11(d), we show the results of the fitting
procedure.
D. Evaluation of Critical temperatures :
In Figure 4, we observe possible size dependence of critical temperatures for both AAB and ABA configurations. So
we may expect scaling behaviour in this region. So to determine the critical temperatures precisely, we employ the
cumulant crossing technique proposed by Binder [46]. Binder introduced fourth-order magnetization cumulant U4,
defined by:
U4 = 1−
< M4 >
3 < M2 >
(11)
where M is the magnetization. In determining U4, we have considered 4000 uncorrelated states in every temperature
step. In this approach, the magnetization cumulant of Equation [11], for different lattice sizes, are plotted as a function
of temperature, T and all the intersections of U4 for any two lattice sizes, say, L1 and L2 of fixed ratio b = L2/L1 = 2
are determined, from below [43, 47]. Then the estimate for critical temperature, Tcrit, is found out by the arithmetic
mean of all the values of intersections. The procedure is shown in Figure 12. All the intersections lie within the dashed
rectangular boxes in Figures 12(a) and 12(c) and the uncertainty in the final values of Tcrit is obtained by Jackknife
method. The Figures 12(b) and 12(d) show the fitting process. Spread in the values of Tcrit around the mean and
multiple crossovers in the higher temperature region are due to the quality of the random number generators and
finite statistics of the system [46].
E. Bifurcation of zero magnetisation lines and Phase diagram:
From the previous sections, we have already seen both the critical and compensation temperatures, drift futher
away from their values at low JAA/JBB, with fixed JAB/JBB and vice-versa. But the drift of Tcomp is much rapid
compared to Tcrit which results in a merger of these two temperature points, at higher up regions of relative interaction
strengths. We have studied the dynamics of Tcrit and Tcomp and one set of examples are shown in Figure 13 and Figure
14. For AAB configuration, in Figure 13(a) we’ve kept JAB/JBB fixed at −0.7 and varied JAA/JBB and witnessed
a bifurcation of zero magnetisation curves at JAA/JBB = 0.658 ± 0.002. In Figure 14(a), with JAA/JBB = 0.7 and
variable JAB/JBB, we get the bifurcation at JAB/JBB = −0.388 ± 0.003 . For ABA configuration, in Figure 13(b)
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Figure 11: Simulations in the vicinity of Tcomp, for (a) AAB (c) ABA configurations and fitting of data for (b)
AAB (d) ABA configuartions (JAA/JBB = 0.4 and JAB/JBB = −0.3 for both). The dimensionless compeansation
temperatures, came out to be 2.3649± 0.0011 for AAB and 2.3727± 0.0015 for ABA configuration, which are marked
by dashed lines in (b) and (d)
we’ve kept JAB/JBB fixed at −0.6 and varied JAA/JBB and witnessed a bifurcation of zero magnetisation curves at
JAA/JBB = 0.664 ± 0.002. In Figure 14(b), with JAA/JBB = 0.6 and variable JAB/JBB, we get the bifurcation at
JAB/JBB = −0.742± 0.003 .
Repetition of the procedure of Figure 13, for other values of JAB/JBB, we can obtain a phase diagram dividing
the Hamiltonian parameter space in two distinct regions of interest, for both AAB and ABA configurations. One is a
ferrimagnetic phase for which there is no compensation at any temperature and the other is a ferrimagnetic phase with
a compensation point at a certain temperature, Tcomp. We present these results in Figure 15(a) for the AAB trilayer
and in Figure 15(b) for the ABA trilayer. In both diagrams, the lines mark the separation between a ferrimagnetic
phase with compensation (to the left) and a ferrimagnetic phase without compensation (to the right). The errors
associated with finding intersections are given by the upper bounds of linear interpolation procedure [48]. We see
that the compensation is only possible if JAA < JBB and in both configurations, Compensation is always observed for
smaller JAA/JBB, irrespective of the value of JAB/JBB. But the range of values of JAA/JBB, for which compensation
occurs, shrinks as JAB/JBB increases.
V. Summary
We’ve performed a Monte Carlo study on a trilayered, spin-1/2, Ising, pure ferrimagnetic system on triangular Bra-
vais Lattice. For odd number of layers in layered ferrimagnets, neither cite dilution [49] nor mixed-spin cases [40] are
necessary for observing compensation on square trilayers. So the type of systems in this article, although on triangular
lattice, is among the simplest layered ferrimagnetic systems for compensation. The bulk of the system is made up of
two different layers of theoretical atoms A & B stacked in two distnct fashions: A-A-B and A-B-A. The interactions,
between similar atoms (A-A; B-B) are ferromagnetic and between dissimilar atoms (A-B) are antiferromagnetic. The
Hamiltonian of the system is written with the help of Ising mechanics. The system, at first, is randomly distributed
with an equal number of up (S = +1) and down (S = −1) projections of spins which mimics the high temperature
paramagnetic phase. Our objective is to find the effects of relative interaction strengths on Tcrit and Tcomp and hence
obtain the phase diagram along with the lattice morphology. We have employed Metropolis single spin flip algorithm
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Figure 12: Plot of U4 as a function of dimensionless Temperature, for (a) AAB (c) ABA configurations and fitting
of data for (b) AAB (d) ABA configuartions (JAA/JBB = 0.4 and JAB/JBB = −0.3 for both). The dimensionless
critical temperatures, came out to be 3.7134± 0.0312 for AAB and 3.7070± 0.0182 for ABA configuration, best values
of which are marked by dashed lines in (b) and (d)
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Figure 13: Dimensionless critical temperature Tcrit and compensation temperature Tcomp as functions of JAA/JBB
for (a) AAB configuration with JAB/JBB = −0.7 (b) ABA configuration with JAB/JBB = −0.6. The dashed lines,
where meet the horizontal axis, mark the value of JAA/JBB, above which no compensation is detected. Where the
errorbars are not visible, they are smaller than the point markers.
as it takes fluctuations into account, unlike MFA and also produces accurate results.
Initially, we started investigating the magnetic response of the system, under cooling of the sample, from high
temperature randomised state to extreme low temperature ordered state. We observed that the compensation phe-
nomenon can still be seen in Triangular lattices under certain thresholds of interaction strengths. Figure 2 shows the
general tendency whereas Figure 3 shows the gradual shifts and merger of compensation and critical temperatures
with increase in either the ferromagnetic or anti-ferromagnetic ratio while keeping the other ratio fixed. We have
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Figure 14: Dimensionless critical temperature Tcrit and compensation temperature Tcomp as functions of JAB/JBB
for (a) AAB configuration with JAA/JBB = 0.7 (b) ABA configuration with JAA/JBB = 0.6. The dashed lines, where
meet the horizontal axis, mark the value of JAB/JBB, below which no compensation is detected. Where the errorbars
are not visible, they are smaller than the point markers.
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Figure 15: Phase diagrams for (a) AAB (b) ABA configurations. The squares were obtained through MC simulations.
In both the cases, the lines mark the separation between a ferrimagnetic phase with compensation (to the left) and a
ferrimagnetic phase without compensation (to the right). Where the errorbars are not visible, they are smaller than
the point markers.
also shown in Figure 4 how the responses are, when system sizes change and here we conclude, the compensation
temperature is possibly independent of system size, after reaching a certain threshold as no detectable variations in
its vicinity is seen. So we should not expect a scaling bahaviour for compensation temperatures. But around critical
point we do observe variations in its value, with changes in system size. So while estimating the critical temperatures,
we have to take care of finite size effects.
Then we investigated the lattice morphologies at Tcomp and Tcrit which is not very common in these types of
studies. The spin density plots establish the fact that the Tcomp and Tcrit are two fundamentally different points
because of their different lattice morphologies. The formation of asymmetric spin clusters at Tcomp is responsible
for compensation phenomenon as the layer with highest in-plane exchange coupling hosts largest spin cluster and its
magnetization gets cancelled by the other two. We’ve also provided the values of layered magnetizations in each case
and observe the vanishing magnetizations at Tcrit for all the layers whereas at Tcomp, layers have developed detectable
magnetic order leading to non-zero sublattice magnetizations. These numerical values show, usual mathematical rela-
tions between sublattice magnetizations, at Tcomp, are also obeyed.
Next we estimated the Compensation temperatures, Tcomp, for both types of configurations. We, after performing
close range simulations for lattice sizes, from L = 40 to L = 120, find that after a certain threshold in size, say
Lmin, the reduced chi-square attains a stable order in fitting process of the value of compensation temperature to a
constant. In both configurations, it turned out to be Lmin = 70. As previously stated, for the estimation of critical
temperatures (for finite size effects) we employed Binder’s cumulant crossing technique. The lattice sizes considered
here, ranged from L = 20 to 120, in accordance to the procedure employing fourth order cumulant, U4. The mean
of the values gives us an estimate of Tcrit. The cumulant crossing technique being phenomenological, saves us from
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additional fitting procedures while doesn’t compromise much on accuracy [47].
Finally we see the traditional bifurcation of zero magnetisation lines and the resulting phase diagram in Hamilto-
nian parameter space (JAB/JBB vs. JAA/JBB). Here the phase boundary divides the region into two, one contains the
ferrimagnetic phase with compenation (at left of the curves) and the other contains the ferrimagnetic phase without
compensation (at right of the curves) in Figure 15. For the AAB configuration, we see that the phase boundary is
much less inclined to the JAB/JBB axis than the ABA configuration. The ratio of ferromagnetic to antiferromagnetic
bonds per site is 7:1 for the mid A-layer and 6:1 for the bottom B-layer in AAB configuration compared to 3:1 in
the mid B-layer and 6:1 in the bottom A-layer in ABA configuration. While in AAB, top A-layer has no antiferro-
magnetic bond, per site against a bond-ratio of 6:1 per site, in the top A-layer of ABA system. Greater number of
antiferromagnetic bonds is responsible for the proneness to change of phase boundary with change in the values of
JAB/JBB in ABA configuration. A visual inspection of the phase boundaries for the AAB and ABA configrations
of trilayered square Ising ferrimagnetic system in [41] reveals, these curves are much more inclined to JAB/JBB axis
compared to their triangular counterpart, in the same parameter space and the reason is same: relative increase of
the antiferromagnetic bonds compared to ferromagnetic ones in square lattice than triangular lattice.
Our main observation is that, both the critical temperature (Tcrit) and the compensation temperature (Tcomp)
decreases with decrease in either of the ferromagnetic or the antiferromagnetic ratio or both. While increasing, after
reaching a certain threshold, for both the interaction ratios, these two temperatures merge. The lowering of compen-
sation temperature is particularly useful in MCE. In MCE, low temperatures ∼ µK has already been achieved. If
ferrimagnetic materials with compensation temperatures (similar to the ones of our current article) be used in MCE
instead of traditional materials, with the same number of magnetization-demagnetization steps, we may achieve even
lower temperature. Such layered magnetic materials with compensation phenomenon are economically cheaper com-
pared to other materials used in these segments (rare-earth metals and second order magnetic transition materials),
thus making these suitable candidates for MCM. Also the phase diagrams in the Hamiltonian parameter space along
with close range simulations in regions where compensation takes place, can provide insights for designing materials
with required properties.
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